
Quantum computation : Lecture 1

General introduction

· Classical circuits - Post's theorem

· Reversible gates
· Linear algebra in Dirac's notation



Introduction : Chronology
80's : -Feynman : idea that using quantum pro-

perties of matter at a microscopic level

could help compute more efficiently
- Bennett

,
Wiesner

,
Deutsch : quantuncitus

00s : -quantum algorithms (Deutsch-Josza, Siman,
Bernstein-Vazivani

,
Shar

,
Green)

2000s : realization of quantum computers...



Classical circuits

Let f : E0, 13" -- 2013" be a Boolean function.
(x. . . x ) +o (y) Yul = f(x, .x)

Does there exist a classical circuit computing

in an automated manner the value of f for

every input (x... ) ?

- - Ye
! Circuit :

x -

- Ym



Examples of simple circuts (= elementary gates)
and associated Boolean functions

a) NOT gate:x No-f(x)==S? it
equivalent to :

x -

xar - f(x)= x01 =-
1 -

b) AND gate: And -f(,x) = x1x
2

= 1 iff < =1 and =1



C) OR gate: ar - f( ,
x) = xvx

x2

= 1 iff x =1 arx= 1

NB :This is the non-exclusive or
-

d) COPY gate :

x-cor f(x) = (oc

NB : not really a gate , as it can be realized

physically by janing two wires together



Example of a circuit for

f (x,,x) = ( 1x) v(x1(4)

NOT
x1 - Copy

AND

xz- or - f(x,x,
3)

AND
23-



Formal definition of a Bodean circuit

A Boolean circuit is a directed
, acyclic

graph (DAG) with n-qubits input and

m-qubits output , whose vertices are

logic gates and edges are wires.



Theorem (Emil Post, 1921)

Every Boolean function f can be realized by
a Bodean circuit made only of the elementary

gates AND
,
OR

,
NOT and COPY.
-

This theorem therefore implies
that this set of4 gates is universal



Proof
Let f : 50,17- Eyes" be a Boolean function

1) f = (f1 , . . .

, ful in general , but the theorem

needs only to be proven for m=1 because :

x1 Capy
-

fe
! 3

!

In- copy-
L fun



2) Consider those vectors all... al Eg13
such thatGarF

vectors !
x=aand define calcal =51 if
-

o otherwise

Than f(x) = Can(x)V .. -

V Calm(x)
M T

1/
OR's



3) Observe now that for a 50,13 :

Cab = Pa()1 --- PankaT
AND's

where Pap (5) =1 =9)
=27
Y

NOT

So the computation of f(x ..x) can be

realized exclusively with COPY
,
Gre

,
AND NOT

gas



Irreversibility
The gates AND,

OR & Cas are inreversible :

-And- 12 2 -

or-x

xJe
-
-S

?

x-capy
-

is logically reversible :

---

copy-
- x x-

but its inverse deletes a bit : physically,
it dissipates heat = irreversible process !



Reversible gates
In quantum circuits , irreversibles gates are

Forbidden. Fortunately ,
the previous gates

-

can be emulated by reversible gates :

1) NOT gate : x - No f(x)= xen=

is obviously reversible (apply it twice

to recover the initial state)



2) Controlled-NOT(C-NOT) gate
Xor

x-

C-Not

-x

f(x
,y) = (x

,
y x)

y -
- yox

E ) = (1 , 5)↑ nivalent symbo :=9
x & x This gate is also reversible

Y O yox (again , apply it twice)



3)Toffi gate (or CGNOT gate)
x - -

y - CC-NOT- y f(x,y,z)= (x, y, z(ny))
z- -z((y)

f(x, y , z) = (x, y,
z) as long as X=0 ar y=0

E & (, 1 ,
z) = (x, y ,

zen) = (x
, y,
z)

Equivalent symbol :

Again a reversible gate
x ① K

(apply itrwice)
Y A Y
Z O zo(x(y)



All previously seen gates can be retrieved

from these 3 reversible gates :

use red

input/output

1) NOT : obviously...

⑳ & x

2) AND :

Gi & Y

GO S 00((y) = xly

3) OR · ⑳ NOT & 2 DeMorgan's law
y NOT & 5C

renj)= ug1 C O



4) Copy : · ⑫
O O ex=

So the set of 3 gates NOT
,
GNOT

,
CC-NOT

is also universal
, according to post's this.

Note that actually, the NOT & GNOT
-

gates can themselves be retrieved from CC-NOT

gates; but the reciprocal statement is wrong .



Quantumcomputation : Lecture 2

Axians of quantum mechanics :
1 . state of a quantum system
2. evolution of a quantum system
3. measurement postulate
4
. Combination of quantum systems

· Quantum circuits - Barenco & at's theorem



Axian 1 : State of a quantum system
The state of a quantum system (isolated from
the environment) is represented by a unit

vector lys in a Hilbert space f.

In particular , the state of a system of

n qubits is represented by a unit vector in-

H = (2~ ...e?
D 111432+ n-

n times for n qubits !



Computational basis : Ek--> ,
(i + &13

,12izn]
LG, . . . , /x21, . . ., ) = Secisa" - Saisa
-

(y) =2
2. eas e , ...

1
, ..., )

-

21 = < y143 =
..cen
/

...
pl

# : (4)=cose) 10) + Ene) (1) , (os)" + (sino)" = 1

Two particular cases : (t) =1 10) + 113)
(8= +3508 - 15% S

1

Is>1- = E(0 - (1)) I



! various notations here !

10) + 11) : addition of 2 vectors

S 0 1 : Xar of 2 bits

10) @ 11) : tensor product of 2 vectors



Avian 2 : Time evolution

An isolated quantum system evolves in time

via unitary near transformations :

(4) -> Uly >
time += o time +o

where U = 2"x2"unitary matrix :

unt = u + U = I with Ut = adjoint of U

(so U = ut) E complex-conjugate transpose



Quantum circuit : Another quantum circuit :

1403 - U- 197 Uz - 142)

14) = Un14o] 142) = He /41 >

= reversibility ! )
= UzUn 140]

Norm conservation : (A order A)
<%. 1) = <Gold Un 1403

= <40([(40) = <40140) = 1



Observe that similarly :

<42142) = <yelU2(4) = <4+ (4) = 1
= I

i

.

e
. U = Hit is also a unitary transformation
(more forally , one can check that UCT=AU=Ha=

and more generally, any quantum circuit
car always be represented by a single

unitary transformation U .



Examples of quantum circuits (elementary gates

1) NOT gate : acts on a single qubit in 2

193 NOT Not ly >

NOT 10) = 11)
,

NOT 11) = los

=> NOT (00103 + (1) = 0(1) + & 10

C= reflection wit to the aris with angle 35%)



Matrix representation in
2

:

20 /NOT 10) =<o(1) = o CoINOH) =colo = 1

< (NO T 10) = <111) = 1 < (Not(1) = <110) =0

=> NOT =( ? ) = Nort Hermitian

and NOT . NOT" = NOTT. NOT = I unitary

#so : NOT 1+) = (t)
,
NOT It = (-1)(e)



2) C- NOT gate : acts on 2 qubits in ROCK"

CNOT 100) = 100 CNOT1o1 = 101)

CNOT (10) = (11) CNOT (1) = 110)

said otherwise : CNOTIx,) = (G , x0x)

14) (3
101 111

1007 ↓ 1103 ↓
(2) G k03

1000
01 00

Matrix representation in I" : CNOT= 0001
0010



CNOTT = CNOT Hermitian

CNOT . CNOT" = CNOT! CNOT =I unitary

14> = %0100) + 001101) + G0(10) + (n(m)

=> CNOT (4) = 000100) + & 101) + G0(11) +du/10)



Parenthesis

Classically , a CNOT gate can emulate a

Copy gate: x

O g x

But in the quantum world
, copying a

quantum state is impossible (nodoring thm).

Let us solve this apparent contradiction ...



Consider (y> @ 10) as input state to the

CNOT gale , with 143 =00103 + &113 :

CNOT (ly > @10s) = CNOT (((0) + &(1) @ (0))
= d
.
CNOT 10

,
0 + d CNOT 11

,
03

= do (0,0 + 11/1 , 1) = Bell state

-(y> & 14>

Conly states in the computational basis can be capied)



Axian 3 : Measurement postulate
If an isolated quantum system is in state

143 E H= ch and one observes the system

through a measure apparatus , described

by an arthonomal basis [140, 191 ... 142.. 3 of te

I note that in this course, we will always

(consider the computational basis,



then the outcome of the measurement is

given by 14: 7 (oxi2"-1) with probability

prob(i) = 1 < 4: 14312

Note that

In a
- <4 11(4) = 1414)= 1



Observe that 14: ) (il = (800) ita
edumm

is a ranone matrix

which is also a projector matrix (on 19:)

Later in the course
,
we will see a

more general definition of measurement
with projectors.



Graphical representation :

- 1403
-

147 - P - ! prob(i) =14: 14)P
-

-

1922-1)

andhith the addition of a quantum circuit H :
- 1403

143 U (14) i = :
- 14221

probli) = 1<4: 1414) 12



Axian 4 : Composition of quantum systems

system 1 : Un qubits H = (4 (dimension 2)

system 2 : 42 qubits He= (4
**

(dimension 2")

-> the qubits 8= 1.08 = (2)
@thel

(dim .2th2)

Product states and entangled states

Not all states infe can be written as

14) $142) : these are product states



Examples inH= K2@ ? (2 qubits)
10
,
0) = los ①10

= (10 ,1 + 10,0)) = 10) (t(1) + 10)

= (10,07 + 10 ,7 + 11, 0) + k,7) = E(0 + (1))07((0 + (x)

Counter-examples are entangled states :

↑ (0,0 + 11 ,13) Bell state + 1430142)
Easy criterion : Goo 10,0 +Polon > + Gol1,03 + On 1117

is a product state iff det10)



Quantum circuits (David Deutsch)
Remember that a quantum circuit operating
on n qubits can always be represented by

a 2x2"unitary matrix U.

1) 1- qubit gates (f= (2)

· NOT gate : X = (i :)
I we will keep this notation from now a



·Madamard gate : H = (??)

E H(0)
= =(10) + (nx) = 1+>

H(1 = E (10) - 11) = 1 ->

14) = do 10) + 0 111

=> H(y) = (+) + d
.
1t

=10
Observe that H= H+ and MHT= I (unitary matrix



· Phase gates Z, S and T : -unitary matrices also ! )

z = (eit S= (2) T= (in)
-

-

=
- 1 - i

z(os = 10)
,
z(1) = (-1) (1)

(4) = 0o (0) + a(n) => z(y) = %(0) - a (1)

(same for S and T

Observe that Z = SE= T" and S= T
?



Theorem (without proof

Any 2x2 unitary mabix U can be approximated

by a product of gates H, S,T in the following
sense : VS>0, 7 V a product of 0(5) matrices

H, S,T such that IU-VIIS

(where I . 11 is some matrix nam)



2) 2-qubit gates (I= (4)
1000 k- ()

· CNCT gate : CNOT= 010 0
ly> O lyT)0001

0010

CNOT 100) = 100 CNOTIon = 101)

(NOT (10) = 111) CNOT (11) = (10)

(y) = 000 100 + 0011013 + 2010) + dm(11)

=> CNOT1y> = 0007 + donlon) +G (M) + Ou(10)

Dinput & output states I product states in general !



· Controlled - U gate : (where U = 2x2 unitary matrix)

k)- kC)

(g)- U (2) =S MO
3) Multiple qubit gates
· Toffoli gate (CCNOT) f= KS (And KS)

(x) * (x)

lys * 19 >

1z) g 1zx.y)



Marrix representation -> exercises !

Remark

- Classically
,
it is not possible to create a-

Toffoli gate from CNOT & 1-bit gates.

- In the quantum world, this is possible

(using more precisely (NOT, U , T & S gates
-> exercises !



· Multicontrol gates H= (2n
+1

( 1)
1x2) : (x2)

! !
(a) kn)

ly) (y)

C acts on lys only if x=3=..= )G=1
realization with n=3 -> exercises !



Theorem (A
.

Barenco &al
.
) (without proof (

Any 2"x2"unitary matrix U can be

approximated (with arbitrary precision) by

a circent made only of gates T, S, U & CNOT.

The number of gates needed for this approximation

depends on the unitary matrixU (may be exp. in n).

Remark : Without theT gate, it can be shown that

no quantum advantage can be obtained over classical-

(= Gottesman-Knill Hun)
citeits .

exponential


